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Abstract001

Recent research reveals challenges in the in-002
ductive reasoning capabilities of large lan-003
guage models (LLMs). To address this004
challenge, we propose MATSIR, a test-005
time framework combining Multi-Agents and006
Monte Carlo Tree Search to strengthen LLM007
Inductive Reasoning. MATSIR coordinates008
three agents (Inductor, Deductor, and Judge)009
that iteratively generate, validate, and refine010
hypotheses in a tree-search process, incorpo-011
rating Deduction Reward and Judgment Re-012
ward to guide the reasoning process. Exper-013
iments on four models and five benchmarks014
show that MATSIR outperforms prior meth-015
ods, improving Deepseek-V3 by +15.8% on016
average. Our analysis reveals that MATSIR017
reduces the hypothesis space, converges to-018
ward optimal solutions, and leverages com-019
plementary rewards of the three agents to020
automatically search for a better refinement021
path, which leads to an obvious improve-022
ment of the inductive reasoning capabil-023
ity of LLMs. MATSIR’s code is fully024
open-sourced at https://anonymous.4open.025
science/r/MATSIR-D6C5.026

1 Introduction027

Inductive reasoning (i.e., Induction) is considered028

a fundamental reasoning approach (Singmann and029

Klauer, 2011; Evans and Over, 2013). Induc-030

tion transforms specific observations into formal031

theories. It is the cornerstone of scientific dis-032

covery that allows patterns to emerge from raw033

data (Govier, 1997). It serves as a foundational034

principle of the scientific methods (Hepburn and035

Andersen, 2021; Stadler, 2004; Lawson, 2005),036

guiding our understanding of the world. Figure 1037

succinctly illustrates how the law of universal grav-038

itation was discovered through inductive reason-039

ing. Naturally, induction is regarded as a funda-040

mental aspect of intelligence (Peirce, 1868).041

Hypothesis

Observation
1. Apple is attracted by the Earth; 
2. Planets are attracted by the Sun;
......
There appears to be a mutual 
attractive force between any two 
objects, causing the trajectory of their 
motion to change.

Figure 1: A concise example of human induction.

Recently, as the capabilities of large language 042

models have been continuously strengthened (Wei 043

et al., 2022a; Qin et al., 2024), researchers have 044

also begun to focus on whether large language 045

models can perform logical thinking like hu- 046

mans (Wei et al., 2022b; Yasunaga et al., 2024; 047

Yuan et al., 2024; Kojima et al., 2022; Qin et al., 048

2024; YAO et al., 2024). One important criterion 049

for evaluation is inductive reasoning. 050

Previous studies have extensively investigated 051

the inductive reasoning capacities of pre-trained 052

large language models (LLMs), primarily em- 053

ploying input-output (IO) prompting methodolo- 054

gies (Gendron et al., 2024; Yang et al., 2024; 055

Moskvichev et al., 2023; Mirchandani et al., 2023; 056

Tang et al., 2023; Xu et al., 2025; Han et al., 057

2024; Xu et al., 2024a; Webb et al., 2023; Wang 058

et al., 2024b; Qiu et al., 2024b; Sun et al., 2024). 059

Specifically, an induction problem consists of two 060

components: demonstration samples (D) and test 061

samples (T ), both are structured as input-output 062

pairs. Usually, the demonstration samples include 063

multiple IO pairs (D = {(i1, o1), (i2, o2), · · · }), 064

whereas the test sample comprises one single IO 065

pair(T = {(it, ot)}). Within this induction prob- 066

lem, there exists a mapping function f between 067

input and output such that o = f(i). The pri- 068

mary objective of a LLM inductor is to analyze 069
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patterns within demonstration samples D, gener-070

ate hypotheses about the correct mapping function071

f through inductive reasoning. Its induction ca-072

pability is then evaluated by verifying the correct-073

ness of the hypothesis on T . This problem for-074

mulation closely resembles In-Context Learning075

(ICL) (Dong et al., 2024), but differs in two key076

aspects: 1) ICL does not require the model to iden-077

tify the correct mapping function f , but only to078

produce the correct test output ot; 2) ICL tasks rely079

on the model’s world knowledge, whereas induc-080

tion problems deliberately remove this factor to fo-081

cus on pure inductive reasoning capabilities (Chol-082

let, 2019; Qiu et al., 2024b).083

However, existing research indicates that the in-084

ductive reasoning capabilities of large language085

models remain significantly inferior to their deduc-086

tive reasoning capabilities (Gendron et al., 2024;087

Xu et al., 2025). To enhance the inductive rea-088

soning capabilities of large language models, we089

have devised a plug-and-play pipeline applicable090

at test-time, which integrates multi-agent coordi-091

nation with Monte Carlo Tree Search. To summa-092

rize, our contributions are as follows:093

• We propose MATSIR, a test-time multi-agent094

Monte Carlo Tree Search framework that en-095

hances inductive reasoning in large language096

models without additional fine-tuning.097

• We design a dual-reward mechanism that guides098

reasoning toward logically coherent and seman-099

tically accurate hypotheses.100

• Through detailed analyses, we find that MAT-101

SIR effectively not only prunes the hypothesis102

space, but also automatically searches for a bet-103

ter refinement path.104

• We show that MATSIR generalizes across di-105

verse LLM architectures and scales, providing106

a plug-and-play approach for strengthening in-107

ductive reasoning.108

2 Related Work109

2.1 Inductive Reasoning for LLM110

Considering that hypothesis generation constitutes111

the primary goal of LLM inductors, targeted hy-112

pothesis refinement at test-time becomes a particu-113

larly efficient solution. Qiu et al. (2024b) system-114

atically investigated the inductive reasoning capa-115

bilities of language models through iterative hy-116

pothesis refinement, revealing their dual nature117

as both proficient hypothesis proposers and puz- 118

zlingly inconsistent reasoners when compared to 119

human cognition. To further advance the induc- 120

tive reasoning capabilities of LLMs, Wang et al. 121

(2024b) proposed a structured pipeline that sys- 122

tematically generates natural language hypothe- 123

ses, translates them into verifiable Python pro- 124

grams, and selects the most generalizable solu- 125

tions. Our approach builds upon comparable theo- 126

retical principles(test-time computing & hypothe- 127

sis refinement) while achieving superior architec- 128

tural elegance in pipeline implementation. Sun 129

et al. (2024) focused on a fine-tuning approach on 130

open-sourced small LLMs; they propose a deduc- 131

tive reasoning-based method for automated train- 132

ing data generation, which effectively improved 133

the model’s inductive reasoning performance. 134

2.2 LLM-Based Multi-Agent System 135

A multi-agent system based on LLMs is an 136

AI framework where multiple specialized agents, 137

each assigned with distinct functional roles (e.g., 138

analyst, executor), collaborate through the core ca- 139

pabilities of LLMs (Guo et al., 2024). This sys- 140

tem achieves complex task completion through 141

coordinated division of labor (Khot et al., 2023; 142

Hong et al., 2024), dynamic interactions (Liu et al., 143

2023), and tool utilization (Li et al., 2023; Ruan 144

et al., 2023), effectively emulating human team- 145

work by decomposing problems into sub-tasks 146

handled by different specialist agents to generate 147

the final output. Such systems demonstrate sig- 148

nificant potential in automated workflows, multi- 149

perspective decision-making, and social simula- 150

tion experiments (Park et al., 2023; Gao et al., 151

2023; Chen et al., 2024). 152

2.3 Tree-Search Algorithm Applied to LLM 153

Feng et al. (2023) highlighted the viability of tree- 154

search algorithms for boosting LLMs’ reasoning 155

abilities. Ma et al. (2024) demonstrated that step- 156

level reward models (SRMs) effectively enhance 157

mathematical reasoning through process supervi- 158

sion or reinforcement learning-based alignment, 159

with Monte Carlo Tree Search (MCTS) prov- 160

ing high effectiveness for automated preference 161

annotation. Conversely, some researchers sug- 162

gested that even test-time-only tree-search reason- 163

ing pipelines (without additional training) still sub- 164

stantially enhance LLMs’ mathematical problem- 165

solving capabilities (Zhang et al., 2024a; Wang 166

et al., 2024a; Zhang et al., 2024b). Although tree- 167
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search algorithms have demonstrated efficacy in168

mathematical problem-solving, their potential for169

abstract logical reasoning tasks remains largely un-170

explored and understudied.171

3 Methodology172

3.1 Components173

1) Modified Tree-Search Algorithm for Induc-174

tion Problems. To improve the integration of175

the tree-search strategy with the multi-agent ap-176

proach for solving inductive reasoning problems,177

several modifications have been made to the178

Monte Carlo Tree Search (MCTS).179

• Rearranging Demonstrations: For each prob-180

lem, the multiple demonstrations are reordered.181

By exploring various permutations of these182

demonstrations, the inductive process becomes183

more robust, leading to more generalized and184

accurate hypotheses.185

• Reserving a Demonstration for Validation:186

The last one of the Rearranged demonstrations187

is reserved as a validation sample. This allows188

Deductor to employ deductive reasoning to ver-189

ify the correctness of generated hypotheses to190

provide Deduction Reward.191

• Customized UCT: Our approach innovatively192

utilizes both Deductor and Judge to score193

hypotheses, introducing two distinct reward194

sources. To accommodate this dual-reward195

mechanism, the Upper Confidence Bound for196

Trees (UCT) formula has been specifically197

adapted, thereby providing a more comprehen-198

sive evaluation of each hypothesis and guiding199

the tree-search process more effectively.200

2) Multi-Agent based Reasoning and Reward-201

ing. Within MATSIR, three LLM agents are pur-202

posefully integrated into the tree-search process,203

as depicted in Figure 2204

• Inductor agent performs inductive reason-205

ing on the given examples to generate hypothe-206

sis or refine existing hypothesis. The quality of207

the hypothesis is critical, as it forms the basis208

for solving the reasoning problem.209

• Deductor agent applies the hypothesis in-210

ferred by Inductor to a new input to gener-211

ate an output. Additionally, if the input origi-212

nates from a verification sample, the Inductor213

uses a tool to assess whether the inferred output214

matches the expected output of the verification215

sample. This comparison yields a score, which 216

functions as the Deduction Reward. 217

• Judge agent evaluates the induction process 218

carried out by Inductor, assessing the logical 219

consistency, coherence, and overall quality of 220

the reasoning. Based on this evaluation, Judge 221

assigns a score that acts as an additional reward. 222

This score also plays a crucial role in refining 223

the inductive reasoning process in subsequent 224

iterations (referred to as Judgment Reward). 225

3.2 Reasoning Process 226

For each problem, MATSIR employs a corre- 227

sponding tree search process, as illustrated in sub- 228

plot (a) on the left of Figure 2. To clearly visualize 229

the tree-structured nature of MATSIR, we adopt a 230

programming-style notation in the following for- 231

mal descriptions for intuitive representation. Here, 232

n denotes a node in the tree, and n.∗ refers to an 233

attribute of that node (e.g., n.parent represents the 234

parent node of n). 235

1) Variation. The Variation phase en- 236

sures broader exploration of the sample 237

space, thereby enhancing diversity. When 238

receiving a problem, MATSIR initially es- 239

tablishes a root node. The demonstrations 240

D = {(i1, o1), (i2, o2), · · · , (im, om)} associated 241

with the problem (assuming there are m demon- 242

strations in one problem) are then rearranged, 243

yielding m! possible permutations. 244

P = Permutations(D), |P| = m! (1) 245

To optimize computational resources and time, a 246

maximum number of child nodes is imposed on 247

the tree nodes. Therefore, if the number of per- 248

mutations exceeds this maximum number, a subset 249

of permutations, equal to the permitted maximum 250

number of child nodesNmax, is randomly selected. 251

C=

{
P if m!≤Nmax,

RandomSubset(P, Nmax) if m!>Nmax.
(2) 252

Here, RandomSubset(P, Nmax) selects Nmax dis- 253

tinct permutations uniformly at random from P . 254

For each candidate child node, 1) Inductor de- 255

rives a hypothesis (H) with its inductive reason- 256

ing process (I) by applying inductive reasoning 257

to the contained demonstrations without the last 258

pair held-out as validation sample (iv, ov), as 259

shown in Equation 3; 2) Deductor performs de- 260

ductive reasoning on the input of the verification 261
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Figure 2: Overview of the MATSIR framework. (A) shows the customized Monte Carlo tree search process for
inductive reasoning, where each node represents a hypothesis derived from rearranged demonstrations. The search
explores and refines hypotheses through Variation, Selection, Expansion, Simulation, and Back Propagation guided
by dual rewards. (B) illustrates the roles of the three agents: Inductor generates hypotheses, Deductor verifies
them using reserved samples to produce Deduction Rewards, and Judge evaluates reasoning quality to provide
Judgment Rewards.

sample (iv, ov) using the hypothesis generated by262

Inductor (H), and subsequently employs a tool263

to compare the output derived from this deductive264

reasoning with the output of the verification sam-265

ple. This comparison yields a score, referred to266

as the Deduction Reward (Qd), as shown in Equa-267

tion 4; 3) Judge evaluates the induction process268

(I) conducted by the inductor, thereby assigning269

a score known as the Judgment Reward(Qj), as270

shown in Equation 5.271

n.H, n.I = Inductor ((i1, o1), (i2, o2), · · · ) (3)272

n.Qd = Deductor (n.H, (iv, ov)) (4)273

n.Qj = Judge (n.I) (5)274

2) Selection. The selection phase in MATSIR,275

akin to that in Monte Carlo Tree Search (MCTS),276

is a pivotal step that strikes a balance between ex-277

ploration and exploitation. In this phase, the al-278

gorithm navigates from the root to a leaf node by279

selecting child nodes based on the Upper Confi-280

dence Bound for Trees (UCT) criterion. The UCT281

value integrates the node’s value estimate with an282

exploration term, thereby fostering the selection of283

promising nodes while also encouraging the explo-284

ration of less frequently visited ones. MATSIR has 285

two distinct reward signals: one from the Deduc- 286

tor and the other from the Judge. To accommodate 287

this, we have refined the UCT formula to incorpo- 288

rate both rewards, shown as follows: 289

UCT (n) = a·n.Qd+b·n.Qj+c·

√
2 lnV (n.parent)

V (n)
(6) 290

where n.Qd is the Deduction Reward obtained 291

from node n; n.Qj is the Judement Reward ob- 292

tained from node n; V (n) is the number of times 293

node n has been visited; n.parent is the parent 294

node of node n; a and b are weighting factors 295

that balance the influence of the two rewards and 296

a + b = 1.0; c is the exploration parameter.This 297

enhanced UCT formula allows our framework to 298

effectively balance exploration and exploitation 299

while incorporating multiple sources of feedback 300

to improve the reasoning process. 301

3) Expansion. The expansion phase is part of 302

the algorithm for exploring and expanding the tree 303

nodes. Firstly, based on the nodes demonstrations 304

and hypothesis, it employs the Inductor to rethink 305

4



Algorithm 1 Update Q-values
Input: n (current node)
Output: Updated values for all parent nodes
Function update_Q-values(n):

p← n.parent
while p ̸= ∅ do

Q̂d ← maxc∈p.children c.Qd

p.Qd ← p.Qd+Q̂d
2

Q̂j ← maxc∈p.children c.Qj

p.Qj ← p.Qj+Q̂j

2
p← p.parent

Algorithm 2 Find Best Hypothesis
Input: nroot(Root node of the tree)
Output: The node with best hypothesis on the tree
Function find_best_hyperthesis(nroot):

nh← Traverse(nroot)
return nh.H

Function Traverse(n):
if n.children = ∅ then

return n

else
n← argmaxc∈n.children SumQ(Traverse(c))
return n

Function SumQ(n):
return a ∗ n.Qd + b ∗ n.Qj

the hypothesis by generating a new induction pro-306

cess and hypothesis.307

n.H, n.I = Inductor(n.parent.H) (7)308

This is followed by the creation of a new child309

node. Meanwhile, it checks whether the current310

node has reached its maximum allowed number of311

child nodes, or if other conditions warrant the ces-312

sation of further expansion. If such conditions are313

met, the node is marked as fully expanded. In gen-314

eral, the expansion phase adds a new child node315

with a novel hypothesis to the selected node from316

the selection phase.317

4) Simulation. The simulation scores the hy-318

potheses within the newly generated child nodes319

obtained through the expansion phase. Deductor320

evaluates the hypothesis by comparing its derived321

output against the verification samples ground322

truth, computing the Deduction Reward (Equa-323

tion 4), while Judge assesses the Inductors rea-324

soning process to provide the Judgment Reward325

(Equation 5).326

5) Back Propagation. The back propagation327

phase is responsible for updating the Q-values of328

nodes in MATSIR, starting from a given node on329

the tree and moving upwards to its ancestors (as 330

shown in Algorithm 1). For each parent node en- 331

countered, a function calculates the maximum Qj 332

and Qd values among its children. It then com- 333

putes the average of these maximum values with 334

the current Qj and Qd the values of its parent 335

node. The parent node’s Qj and Qd values are sub- 336

sequently updated with these new averages. This 337

process continues recursively up the tree until the 338

root node is reached, ensuring that the Q-values re- 339

flect the best possible outcomes from each node’s 340

perspective. 341

6) Final Decision. To identify the best hypoth- 342

esis within a tree structure, Algorithm 2 is de- 343

signed to traverse the tree and evaluate the Q- 344

values of the nodes. This traversal is performed 345

by a nested function Traverse, which recursively 346

explores each node’s children and selects the child 347

with the highest Q-value, as determined by the 348

SumQ function. This process continues until a 349

leaf node is reached, which represents the best hy- 350

pothesis node(nh). Finally, Deductor performs 351

deductive reasoning on the input of test sample(it) 352

based on this hypothesis(nh.H) to obtain the final 353

answer (ôt): 354

ôt = Deductor (nh.H, it) (8) 355

4 Experiment 356

4.1 Experiment Settings 357

We conduct our experiments using four open- 358

sourced large language models: Deepseek- 359

V3 (DeepSeek-AI et al., 2025b), QWQ- 360

32B (QwenLM Team, 2023), Deepseek-R1- 361

Distilled-Qwen-32B (R1-Qwen-32B) (DeepSeek- 362

AI et al., 2025a), and GLM-Z1-32B (THUDM- 363

GLM, 2025) (Details in Appendix A.1). For evalu- 364

ation, we randomly select 110 samples from each 365

of five inductive reasoning benchmarks: ListFunc- 366

tion (Rule, 2020), 1D-ARC (Xu et al., 2024b), 367

ARC2024 (Chollet, 2019), MiniARC (Kim et al., 368

2022), and ConceptARC (Moskvichev et al., 369

2023) (Details in Appendix A.2). We compare 370

four baseline methods with MATSIR: Simple 371

Transduction, Self-Consistency (SC) (Wang et al., 372

2023), Self-Refine (SR) (Madaan et al., 2023) 373

and Hypothesis Refine (HR) (Qiu et al., 2024a) 374

(Details in Appendix A.3). Hyperparameters are 375

shown in Appendix A.4. 376
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Model Method Task AVG.
ListFunction ARC2024 1D-ARC MiniARC ConceptARC

Deepseek-V3

Simple Transduction 63.6 11.7 63.4 20.1 25.3 36.8
SC [ICLR2023] (Wang et al., 2023) 35.4 12.7 7.3 3.6 20.0 15.8
SR [NIPS2023] (Madaan et al., 2023) 35.4 1.8 8.2 7.3 16.4 13.8
HR [ICLR2024] (Qiu et al., 2024a) 77.3 5.4 64.5 18.2 25.4 38.2
MATSIR [OURS] 87.3 30.9 89.1 31.8 30.9 54.0
(Progress) (↑ 10.0) (↑ 18.2) (↑ 24.6) (↑ 11.7) (↑ 5.5) (↑ 15.8)

QWQ-32B

Simple Transduction 63.6 1.8 50.9 13.6 7.3 27.4
SC [ICLR2023] (Wang et al., 2023) 23.6 9.1 16.4 23.6 20.0 18.5
SR [NIPS2023] (Madaan et al., 2023) 27.3 1.8 7.3 27.3 1.8 13.1
HR [ICLR2024] (Qiu et al., 2024a) 63.6 5.4 61.8 18.2 25.4 34.9
MATSIR [OURS] 91.5 5.5 61.8 39.6 16.2 42.9
(Progress) (↑ 27.9) (↓ 3.6) (↑ 0.0) (↑ 12.3) (↓ 9.2) (↑ 8.0)

R1-Qwen-32B

Simple Transduction 69.2 6.5 46.5 20.1 11.8 30.8
SC [ICLR2023] (Wang et al., 2023) 27.3 9.1 12.7 3.6 18.2 14.2
SR [NIPS2023] (Madaan et al., 2023) 20.0 1.8 7.3 7.3 1.8 7.6
HR [ICLR2024] (Qiu et al., 2024a) 63.6 5.4 61.8 18.2 25.4 34.9
MATSIR [OURS] 86.6 4.5 57.3 23.6 13.0 37.0
(Progress) (↑ 17.4) (↓ 4.6) (↓ 4.5) (↑ 3.5) (↓ 12.4) (↑ 2.1)

GLM-Z1-32B

Simple Transduction 58.2 3.6 42.7 12.7 5.4 24.5
SC [ICLR2023] (Wang et al., 2023) 37.3 9.1 14.5 0.0 18.2 15.8
SR [NIPS2023] (Madaan et al., 2023) 35.4 1.8 7.3 7.3 1.8 10.7
HR [ICLR2024] (Qiu et al., 2024a) 77.3 5.4 61.8 18.2 25.4 37.6
MATSIR [OURS] 79.5 6.4 62.7 38.2 16.4 40.6
(Progress) (↑ 2.2) (↓ 2.7) (↑ 0.9) (↑ 20.0) (↓ 9.0) (↑ 3.0)

Table 1: Performance of different methods employing 4 models across 5 different tasks. Scores achieved by
MATSIR are shaded in gray . Underlined values indicate the highest scores among existing baseline methods for
each task. (Progress) denotes performance change of MATSIR compared to the current highest score, with (↑ green)

representing improvement and (↓ red) indicating regression.

4.2 Main Results377

The experimental results demonstrate that MAT-378

SIR achieves superior performance in most scenar-379

ios, as shown in Table 1. Specifically, when imple-380

mented on Deepseek-V3, our method establishes381

new state-of-the-art performance across all five382

tasks, with remarkable improvements of +10.0%383

on ListFunction, +18.2% on ARC2024, +24.6%384

on 1D-ARC, +11.7% on MiniARC, and +5.5%385

on ConceptARC. This leads to an average perfor-386

mance gain of +15.8% over the strongest baseline387

(Hypothesis Refine).388

For other model architectures, MATSIR main-389

tains competitive performance while showing390

varying degrees of improvement. For QWQ-32B,391

MATSIR achieves significant gains in ListFunc-392

tion (+27.9%) and MiniARC (+12.3%), although393

it shows slight regression on ARC2024 (-3.6%)394

and ConceptARC (-9.2%). For Deepseek-R1-395

Distilled-Qwen-32B, our method demonstrates396

strong performance on ListFunction (+17.4%)397

while maintaining comparable results on other398

tasks. For GLM-Z1-32B, MATSIR shows par-399

ticularly impressive improvement on MiniARC400

(+20.0%) while maintaining stable performance 401

on other tasks. 402

Generally, MATSIR consistently outperforms 403

existing methods in terms of average performance 404

across all model architectures, demonstrating its 405

robustness and generalizability. Also, MATSIR 406

achieves the most significant improvements on 407

Deepseek-V3, suggesting that the effectiveness of 408

our method may be influenced by the base model’s 409

capability levels. 410

4.3 Analysis Study 411

Analysis 1: Does MATSIR automatically search 412

towards the correct solution? During the search 413

process within MATSIR, Inductor refines hy- 414

potheses provided by previous inductive reasoning 415

processes. A pertinent question herein is whether 416

this optimization within the hypothesis space con- 417

verges towards the optimal hypothesis, thereby en- 418

hancing its validity and reducing reasoning costs? 419

Figure 3 illustrate the trends in node quantity 420

and reward value respectively, as the search tree 421

progressively deepens (with level 0 representing 422

the root). As shown in its upper part, the num- 423
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Figure 3: Node quantity (upper) and average values of
2 rewards (lower) as search trees deepen.

ber of nodes decreases progressively as the tree424

depth increases. This indicates that the search tree425

becomes increasingly sparse under the guide of426

our method, suggesting a preference for exploring427

fewer but more promising branches rather than ex-428

haustively traversing the entire hypothesis space.429

Lower part of Figure 3 demonstrates that both re-430

ward metrics generally exhibit an upward trend as431

the tree depth increases, indicating that the search432

process progressively optimizes the hypotheses.433

Figure 9 in Appendix A.7 illustrates that MAT-434

SIR possesses a certain level of error-correction ca-435

pability. Instead of persistently following a single436

search path, it can automatically discover a better437

refinement path, leading to a better hypothesis.438

Finding 1: MATSIR guides LLMs improve in-
ductive reasoning process while also is able to
trace back and correct errors.

439

440

Analysis 2: Which rewarding strategy carries441

greater significance? Existing test-time scaling442

methods tend to employ LLMs-as-Judges to refine443

model responses. But verifiable reward methods444

also have shown its effectiveness. We design two445

distinct reward sources for MATSIR, enabling a446

comparative evaluation of Judge’s effectiveness.447

Figure 4 displays the distribution of two key re-448

ward metrics (Deduction Reward and Judgment449

Reward) from the best-hypothesis nodes in Ta-450

ble 1’s experimental results. Ideally, correct an-451

swers should exhibit reward values near 1, while452

incorrect ones should approach 0. Our results re-453

veal a clear distinction between the two reward454

mechanisms: while Deduction Reward closely fol-455

lows the ideal trend, Judgment Reward exhibits a456

substantial divergence. Specifically, Judgment Re-457

ward demonstrates a persistent bias toward high458

Figure 4: Distributive patterns of different rewards on
best-hypotheses-nodes and their association with final
results correctness

Figure 5: Proportion of correct and wrong responses
across five conditions.

values, even in cases where the final result is 459

wrong. Figure 7 in Appendix A.6 presents a fine- 460

grained breakdown of the reward distribution, re- 461

vealing an obvious limitation of Judgment Reward: 462

Across all 20 experimental trials, only two cases 463

produce scores that are not significantly wrong 464

(subplot F and J). 465

Finding 2: Compared with the LLM-as-Judge
paradigm, verifiable rewards performs better.

466

467

Analysis 3: To what extent are these rewarding 468

strategies complementary or conflicting? Find- 469

ing 2 indicates that the Deduction Reward is more 470

pivotal in the MATSIR problem-solving process. 471

Thus, does the Judgment Reward collaborate with 472

or conflict with the Deduction Reward? Specifi- 473

cally, we examine: 1) When the Deduction Re- 474

ward is relatively high, does a lower Judgment 475

Reward potentially compromise MATSIR’s perfor- 476

mance by inducing wrong outputs? 2) When De- 477

duction Reward is relatively low, does a higher 478

Judgment Reward facilitate MATSIR in generat- 479

ing correct responses? 480

Figure 5 illustrates the distribution of response 481
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Figure 6: Comparative performance assessed on 5 different tasks, presented in log-scale radar plots.

correctiveness across five cognitive conditions482

(Low: Q-value < 0.33; Medium: 0.33<= Q-value483

< 0.66; High: Q-value >= 0.66), each defined by484

different levels or combinations of Deduction Re-485

ward (Ded) and Judgment Reward (Jud) reasoning486

quality. A comparison between the “Both High”487

and “High Deduction + Low Judgment” condi-488

tions reveals that elevated Judgment Reward ex-489

erts a negative impact on MATSIR performance490

when Deduction Reward is already maintained at491

a high level. Conversely, examination of the “Both492

Low” versus “Low Deduction + High Judgment”493

conditions demonstrates that increased Judgment494

Reward can effectively guide MATSIR toward cor-495

rect responses when Deduction Reward remains at496

a lower baseline.497

Finding 3: Judge plays a constructive role
when Deductor performs poorly, but becomes a
liability when Deductor performs well.

498

499

Analysis 4: Is the improvement offered by500

MATSIR grounded in the enhancement of the501

model’s intrinsic inductive reasoning capabil-502

ities? To investigate this question, we design503

prompts that instruct the model to conclude the un-504

derlying hypothesis from the given demonstration,505

and subsequently apply this hypothesis to the test506

sample within a single request. This setting is507

referred to as Simple Induction.508

As illustrated in the Figure 6, comparative509

analysis between Simple Induction and MATSIR510

demonstrates that generally MATSIR achieves511

consistent performance improvements across all512

models and tasks. These results demonstrate513

that MATSIR effectively enhances the fundamen-514

tal induction capability of the models. MAT-515

SIR does not enhance (and even slightly de-516

graded) the reasoning capability of Deepseek-517

R1-Distilled-Qwen-32B. This can be attributed518

to the fact that Deepseek-R1-Distilled-Qwen-32B 519

is solely distilled through supervised fine-tuning 520

(SFT) without subsequent preference optimization 521

fine-tuning. In contrast, the other three models 522

are fine-tuned by preference optimization, which 523

equips them with superior generalization abilities 524

and greater likelihood of successfully following in- 525

structions. 526

Finding 4: MATSIR is more effective in im-
proving the inductive reasoning ability of the
models fine-tuned via preference optimization
than the distilled ones.

527

528

5 Conclusion 529

In this work, we introduce MATSIR, a novel 530

framework designed to enhance the inductive rea- 531

soning capability of LLMs through the integra- 532

tion of multi-agents and Monte Carlo Tree Search. 533

By leveraging the strengths of three specialized 534

agents (Inductor, Deductor, and Judge), MAT- 535

SIR systematically explores, validates, and refines 536

hypotheses (proposed by Inductor), achieving sig- 537

nificant improvements over existing methods. Our 538

experimental results across diverse models and 539

benchmarks demonstrate the framework’s effec- 540

tiveness in inductive reasoning tasks. 541

Limitation 542

As a test-time scaling method, MATSIR funda- 543

mentally relies on the underlying capabilities of 544

the base LLM. If the model itself cannot gener- 545

ate reasonable hypotheses, the multi-agent search 546

may fail to converge to a correct solution, limiting 547

the achievable performance gains. Nevertheless, 548

MATSIR is model-agnostic and can be seamlessly 549

integrated with a wide range of LLM architectures 550

without additional fine-tuning. 551
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A Appendix: Additional Details of823

Experiments824

A.1 LLM Introductions825

• Deepseek-V3 (DeepSeek-AI et al., 2025b):826

DeepSeek-V3 is a cutting-edge 671-billion-827

parameter open-source large language model828

(LLM) developed by DeepSeek, a Chinese AI829

company founded in 2023 by High-Flyer Capi-830

tal Management, a quantitative hedge fund. It831

adopts a Mixture-of-Experts (MoE) architec-832

ture, activating only 37 billion parameters per833

token for efficient inference. Trained on 14.8834

trillion tokens with a remarkably low cost of835

$5.576 million, it rivals top closed-source mod-836

els like GPT-4o and Claude 3.5 Sonnet in per-837

formance, particularly excelling in math, cod-838

ing, and Chinese tasks. The model is fully839

open-weight and available on Hugging Face and840

GitHub.841

• QWQ-32B (QwenLM Team, 2023): QWQ-32B842

is a 32-billion-parameter inference model de-843

veloped by the Alibaba Cloud’s Tongyi Qian-844

wen team, boasting performance comparable845

to DeepSeek-R1, which has 67.1 billion pa-846

rameters. It leverages innovative techniques847

like RoPE embedding, SwiGLU activation func-848

tions, and RMSNorm layers, coupled with large-849

scale reinforcement learning, particularly ex-850

celling in math and coding tasks. QWQ32B851

is designed for efficient inference and can run852

on consumer-grade hardware like the Apple M4853

Max chip, significantly lowering deployment854

barriers. It is open-sourced under the Apache855

2.0 license and available on platforms like Hug-856

ging Face and ModelScope, making it acces-857

sible for both commercial and research pur-858

poses with comprehensive fine-tuning and de-859

ployment documentation. This model repre-860

sents a significant breakthrough, offering high861

performance at a lower cost and wider accessi-862

bility.863

• Deepseek-R1-Distilled-Qwen-32B (DeepSeek-864

AI et al., 2025a): DeepSeek-R1-Distilled-865

Qwen-32B is a cutting-edge 32-billion-866

parameter language model developed by867

DeepSeek AI through knowledge distilla-868

tion from its larger 671-billion-parameter869

DeepSeek-R1 model. It leverages advanced870

techniques like reinforcement learning and opti-871

mized training strategies to achieve remarkable872

performance in tasks such as natural language 873

understanding, code generation, and multi- 874

lingual support. Designed for efficiency, this 875

model significantly reduces computational and 876

storage requirements while maintaining high 877

accuracy, making it suitable for deployment on 878

consumer-grade hardware. It is open-sourced 879

under the Apache 2.0 license and available 880

on platforms like Hugging Face and GitHub, 881

offering a cost-effective solution for both 882

research and commercial applications. This 883

model represents a significant advancement in 884

balancing performance and resource efficiency, 885

enabling broader accessibility and practical 886

deployment in various industries. 887

• GLM-Z1-32B (THUDM-GLM, 2025): GLM- 888

Z1-32B is a cutting-edge 32-billion-parameter 889

language model developed by Zhipu AI, based 890

on its GLM-4-32B model. It incorporates ad- 891

vanced techniques such as cold-start strategies, 892

extended reinforcement learning, and a unique 893

"rumination" mechanism to enhance its reason- 894

ing capabilities. This model excels in tasks in- 895

volving mathematics, coding, and logical rea- 896

soning, achieving remarkable performance with 897

a reasoning speed of up to 200 tokens per sec- 898

ond. Designed for efficiency, GLM-Z1-32B is 899

optimized for lightweight deployment and com- 900

mercial use, making it accessible for various ap- 901

plications. It is open-sourced and available on 902

platforms like Hugging Face and ModelScope, 903

offering a cost-effective solution for both re- 904

search and practical deployment. 905

A.2 Datasets Details 906

Dataset. Our experimental evaluation utilized the 907

following 4 benchmark datasets: 908

• ListFunction (Rule, 2020): This dataset is in- 909

tended to assess the concept learning capabili- 910

ties of both humans and machines by requiring 911

the identification of a function that maps each 912

input list to its corresponding output list. 913

• ARC2024 (Kaggle, 2024): The Abstraction and 914

Reasoning Corpus (ARC), introduced by Chol- 915

let (Chollet, 2019), is a benchmark dataset de- 916

signed to evaluate the generalizable reasoning 917

capabilities of models. The 2024 Kaggle com- 918

petition version of ARC (Kaggle, 2024) pro- 919

vides 400 training and 400 evaluation tasks. 920

Since our experiments do not involve model 921

training, we exclusively use the evaluation tasks, 922
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which we refer to as ARC2024 throughout this923

paper.924

• MiniARC (Kim et al., 2022): It is a compact925

dataset derived from the Abstraction and Rea-926

soning Corpus (ARC), designed to measure ab-927

ductive reasoning capabilities in AI models. It928

comprises 150 visual reasoning tasks with 5x5929

input and output grids, focusing on diverse cat-930

egories such as movement, color, object, num-931

ber, geometry, and common sense. Mini-ARC932

maintains the complexity of the original ARC933

dataset while offering enhanced usability for934

model training due to its fixed size and clear935

problem-solving principles.936

• ConceptARC (Moskvichev et al., 2023): A937

benchmark dataset designed to systematically938

evaluate the ability of both humans and AI sys-939

tems to form and abstract concepts within the940

context of the Abstraction and Reasoning Cor-941

pus (ARC). ConceptARC consists of 16 "con-942

cept groups," each containing 10 tasks that in-943

stantiate a specific core concept (e.g., sameness,944

counting, movement) in various ways. This945

structure allows for a more nuanced assessment946

of generalization abilities compared to the orig-947

inal ARC dataset. The tasks involve transform-948

ing visual grids according to abstract rules, re-949

quiring solvers to infer the underlying concept950

from a few examples and apply it to novel situa-951

tions.952

Our experiment randomly selecte 110 samples953

from each of the 5 benchmarks. The total number954

of samples per benchmark shows in Table 2

Task Total Sample Number
ListFunction 250
1D-ARC 910
ARC2024 400
MiniARC 200
ConceptARC 160

Table 2: Total sample number of different tasks.

955

A.3 Baseline Methods Details956

We evaluate four baseline methods for comparison957

with MATSIR:958

• Simple Transduction: This method only uses959

the simplest prompt to directly request a re-960

sponse from the large language model, and the961

inference result is obtained.962

• Self-Consistency (SC) (Wang et al., 2023): A 963

decoding strategy for chain-of-thought prompt- 964

ing in language models. It samples diverse rea- 965

soning paths and selects the most consistent an- 966

swer, improving accuracy for complex reason- 967

ing tasks. 968

• Self-Refine (SR) (Madaan et al., 2023): The 969

model generates an initial output, subsequently 970

provides feedback on its own output, and re- 971

fines the output based on this feedback. This it- 972

erative process continues until a predetermined 973

stop condition is satisfied. 974

• Hypothesis Refine (HR) (Qiu et al., 2024a): 975

This method involves two key strategies to en- 976

hance language model performance: 1) generat- 977

ing a large number of hypotheses and 2) employ- 978

ing iterative refinement with external feedback. 979

The effectiveness of this method is improved by 980

the combination of both iterative refinement and 981

external feedback. 982

A.4 Hyperparameters of Main Experiments 983

The hyperparameters for MATSIR were set as 984

follows,a = 0.5, b = 0.5, c = 1.0, with the maxi- 985

mum number of children-nodes set to 6, the maxi- 986

mum tree depth to 5, and the maximum number of 987

iterations to 5. Additionally, the maximum retry 988

attempts per agent were set to 3. And the maxi- 989

mum number of generated tokens was set to 8000. 990

Random seed was set to 42. 991

A.5 Efficiency Comparison 992

As shown in Table 3, MATSIR consumes more 993

computational resources than SC and HR, but is 994

more efficient than SR. Moreover, the computa- 995

tional cost of each method varies across different 996

tasks and backbone models. For instance, 1) in the 997

ListFunction task using deepseek-v3 as the back- 998

bone, the number of generated characters by MAT- 999

SIR is approximately twice that of HR. However, 1000

when using QWQ-32B as the backbone, the char- 1001

acters counts of MATSIR and HR are roughly the 1002

same; 2) While MATSIR and HR yield compara- 1003

ble character counts for the ListFunction task with 1004

QWQ-32B, MATSIR generates about four times 1005

as many characters as HR on the 1D-ARC task. 1006

These observations indicate that it is difficult to es- 1007

tablish a consistent computational cost metric for 1008

fair comparisons across methods and models. On 1009

the other hand, existing works such as SC, SR, and 1010

HR also do not adopt a fixed computational bud- 1011
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Model Method ListFunction 1D-ARC ARC2024 MiniARC ConceptARC AVG

Deepseek-V3

SC 11497.6 3400.8 2918.4 1154.3 1438.3 4081.9
SR 80282.2 180802.6 156264.9 74369.9 109429.9 120229.9
HR 35935.4 83962.8 67301.4 51184.4 61660.5 60008.9
MARSIR 72817.4 81477.9 129401.9 115693.9 93923.4 98662.9

QWQ-32B

SC 8111.5 1756.2 1653.1 1154.3 1438.3 2822.7
SR 156204.4 91913.4 156264.9 74369.9 109429.9 117636.5
HR 71657.5 41003.5 67301.4 51184.4 61660.5 58561.4
MATSIR 77355.0 158416.6 57627.4 125181.2 105275.8 104771.2

R1-Distill-Qwen-32B

SC 8111.5 1756.2 1653.1 1154.3 1438.3 2822.7
SR 156204.4 91913.4 156264.9 74369.9 109429.9 117636.5
HR 71657.5 41003.5 67301.4 51184.4 61660.5 58561.4
MATSIR 55490.2 85553.2 65545.1 89413.5 79106.7 75021.7

GLM-Z1-32B

SC 11497.6 1756.2 1653.1 1154.3 1438.3 3499.9
SR 80282.2 91913.4 156264.9 74369.9 109429.9 102452.0
HR 35935.4 41003.5 67301.4 51184.4 61660.5 51417.0
MATSIR 81281.6 140221.1 59588.9 119196.0 98250.3 99707.6

Table 3: Average output sequence lengths (in characters) for various methods, using different models as backbones,
across multiple tasks. MATSIR (ours) are highlighted in gray, and the highest results in each column are underlined.

get for method comparison, likely because the un-1012

derlying task itself remains an open and unsolved1013

challenge.1014

A.6 Further Exploration of Rewarding1015

Strategy1016
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Figure 7: This figure shows the reward distribution of 4 models on 5 tasks.
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A.7 Case Study1017

Figure 8: An example of successful early stopping.

Figure 9: An example of finding a better refine path.

Figure 10: An example of finding a better refine path
and successful early stopping.

A.8 Hardware Information1018

In our experiments, with the exception of1019

DeepSeek-V3 which utilized a commercial API1020

provided by a third-party company, the other1021

three models (QwQ-32B, DeepSeek-R1-Distilled-1022

Qwen-32B, and GLM-Z1-32B) were locally de-1023

ployed and inferred using the LLaMA-Factory1024

framework on our server. The hardware configu-1025

ration of the server was as follows.1026

System Information

= System Information =
Operating System: Linux 6.5.0-28-generic
Kernel Version: #29∼22.04.1-Ubuntu
SMP PREEMPT_DYNAMIC Thu Apr 4
14:39:20 UTC 2
Hostname: klclab-X660-G45
Architecture: x86_64

= CPU Information =
CPU Model: x86_64
Physical Cores: 64
Logical Cores: 128
Max Frequency: 3.40 GHz

= Memory Information =
Total Memory: 1007.50 GB

= GPU Information =
Detected 8 GPU(s):
[GPU 0–7] NVIDIA A800-SXM4-80GB
(79.33 GB, CUDA Capability 8.0, 108
Multiprocessors)

= NVIDIA Driver and CUDA Version =
CUDA Version: 12.4
CUDNN Version: 90100

= Software Environment =
Python Version: 3.10.14
PyTorch Version: 2.5.1+cu124

1027
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